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Abstract. We establish a general criterion for the finite pre- 
sentability of subdirect products of groups and use this to char- 
acterize finitely presented residually free groups. We prove that, 
for all n e N, a residually free group is of type FP„ if and only if 
it is of type F„. 

New families of subdirect products of free groups are constructed, 
including the first examples of finitely presented subgroups that are 
neither FPqo nor of Stallings-Bieri type. The template for these 
examples leads to a more constructive characterization of finitely 
presented residually free groups up to commensurability. 

We show that the class of finitely presented residually free groups 
is recursively enumerable and present a reduction of the isomor- 
phism problem. A new algorithm is described which, given a finite 
presentation of a residually free group, constructs a canonical em- 
bedding into a direct product of finitely many limit groups. The 
(multiple) conjugacy and membership problems for finitely pre- 
sented subgroups of residually free groups are solved. 



1. Introduction 

This article is part of a project to understand the finitely presented 
residually free groups. The prototypes for these groups are the finitely 
presented subgroups of finite direct products of free and surface groups, 
and in general such a group is a full subdirect product of finitely many 
limit groups, i.e. it can be embedded in a finite direct product of 
limit groups so that it intersects each factor non-trivially and projects 
onto each factor (cf. Theorem A). In our earlier studies [10], [Z], [H], 
[9], we proved that these full subdirect products have finite index in 
the ambient product if they are of type FPoo- We also proved that in 
general they virtually contain a term of the lower central series of the 
product. These tight restrictions set the finitely presented subdirect 
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products of limit groups apart from those that are merely finitely gen- 
erated, since the finitely generated subgroups of the direct product of 
two free groups are already hopelessly complicated pS]. Nevertheless, 
a thorough understanding of the finitely presented subdirect products 
of free and limit groups has remained a distant prospect, with only a 
few types of examples known. 

In this article we pursue such an understanding in a number of ways. 
We characterize finitely presented residually free groups among the full 
subdirect products of limit groups in terms of their projections to the 
direct factors. A revealing family of finitely presented full subdirect 
products of free groups is constructed; this gives rise to a more con- 
structive characterization of finitely presented residually free groups. 
We give algorithms for finding finite presentations when they exist, 
for constructing certain canonical embeddings, for enumerating finitely 
presented residually free groups and for solving their conjugacy and 
membership problems. 

Residually free groups provide a context for a rich and powerful in- 
terplay among group theory, topology and logic. By definition, a group 
G is residually free if, for every 1 ^ g ^ G, there is a homomorphism 
from G to a free group F such that 1 7^ (f){g) in F. In other words 
G is isomorphic to a subgroup of an unrestricted direct product of free 
groups. In general, one requires infinitely many factors in this direct 
product, even if G is finitely generated. For example, the fundamental 
group of a closed orientable surface E is residually free but it cannot 
be embedded in a finite direct product if < 0) since ttiS does not 
contain and is not a subgroup of a free group. However, Baum- 
slag, Myasnikov and Remeslennikov |3j, Corollary 19] proved that one 
can force the enveloping product to be finite at the cost of replacing 
free groups by 3-free groups (see also [551, Corollary 2] and [30, Claim 
7.5]). In [23j Kharlampovich and Myasnikov describe an algorithm to 
find such an embedding, based on the deep work of Makanin [27] and 
Razborov [29]. We shall describe a new algorithm that does not de- 
pend on [27] and [29]; the embedding that we construct is canonical in 
a strong sense (see Theorem A). 

By definition, 3-free groups have the same universal theory as a free 
group; they are now more commonly known as limit groups, a term 
coined by Sela ^U\. They have been much studied in recent years in 
connection with Tarski's problems on the first order logic of free groups 
|3U] . [22j- They have been shown to enjoy a rich geometric structure. 
A useful characterisation of limit groups is that they are the finitely 
generated groups G that are fully residually free: for every finite subset 
A G G, there is a homomorphism from G to a free group that restricts 
to an injection on A. 

For the most part, we treat finitely generated residually free groups 
S as subdirect products of limit groups. There are at least two obvious 
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drawbacks to this approach: the ambient product of hmit groups is not 
canonically associated to S; and given a direct product of hmit groups, 
one needs to determine which finitely generated subgroups are finitely 
presented. 

The first of these drawbacks is overcome by items (1), (3) and (4) 
of the following theorem. Item (2) is based on Theorem 4.2 of We 
remind the reader that a subgroup of a direct product of groups is 
termed a subdirect product if its projection to each factor is surjective. 
A subdirect product is said to be full if it intersects each of the direct 
factors non-trivially. 

Theorem A. There is an algorithm that, given a finite presentation of 
a residually free group S, will construct an embedding l : S 3Env(S'), 
so that 

(1) 3Env(5) = Tab x 3Envo(5) where T^b = Z)/(torsion) 
and 3Envo(5') = Ti x ■ ■ ■ xTn is a direct product of non-abelian 
limit groups Fj. The intersection of S with the kernel of the 
projection p : 3Env(5') — *• 3Envo(S') is the centre Z{S) of S, 
and p{S) is a full subdirect product. 

(2) Li := Ti n S contains a term of the lower central series of a 
subgroup of finite index in Ti, for i = 1,. . . ,n, and therefore 
Nilp3(5') := 3Env(S')/(Li x ■ • ■ x L„) is virtually nilpotent. 

(3) [Universal Property] For every homomorphism (p : S ^ D = 
Ai X ■ ■ ■ X Am, with (f){S) subdirect and the Aj non-abelian limit 
groups, there exists a unique homomorphism (p : 3Envo(5') — > D 
with (f) o p\g = (p; 

(4) [Uniqueness] moreover, if cp : S ^ D embeds S as a full sub- 
direct product, then (p : 3Envo(5') —^Disan isomorphism that 
respects the direct sum decomposition. 

The group 3Env(S') in Theorem A is called the existential envelope of 
S and the associated factor 3Envo(5') is the reduced existential envelope. 
The projection p embeds S/Z{S) in 3Envo(S'), and p{S) C 3Envo(S') is 
always a full subdirect product. The subgroup S C 3Env(S') is always 
a subdirect product but it is full if and only if S has a non-trivial centre. 

The second of the drawbacks we identified in the discussion preceding 
Theorem A is resolved by item (4) of the following theorem. In order 
to state this theorem concisely we introduce the following temporary 
definition: an embedding S" ^ Fq x ■ ■ ■ x r„ of a residually free group 
5* as a full subdirect product of limit groups is said to be neat if Fq 
is abelian (possibly trivial), 5* fl Fq is of finite index in Fq, and F, is 
non-abelian for i = 1, . . . ,n. 

Theorem B. Let S be a finitely generated residually free group. Then 
the following conditions are equivalent: 

(1) S is finitely presentable; 
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(2) S IS oftypeYV^iSl); 

(3) diva H2{Sq] Q) < cx) for all subgroups Sq C S of finite index; 

(4) there exists a neat embedding S Tq x ■ ■ ■ x Tn into a product 
of limit groups such that the image of S under the projection to 
Ti X Tj has finite index for 1 < i < j < n; 

(5) for every neat embedding 5 ^ Fq x ■ ■ ■ x r„ into a product of 
limit groups, the image of S under the projection to Ti x Tj has 
finite index for 1 < i < j < n. 

Corollary C. For all n eN, a residually free group S is of type if 
and only if it is of type FPn(Q). 

Subsequent to our work, D. Kochloukova [21] has obtained results 
concerning the question of which subdirect products of limit groups are 
FPfc for 2 < /c < n. 

It follows from Theorem [Bl that any subgroup T C 3Env(S') contain- 
ing S is again finitely presented. More generally we prove: 

Theorem D. Let n > 2 be an integer, let S G D := Ti x ■ ■ ■ x Tk be a 
full subdirect product of limit groups, and letTcD be a subgroup that 
contains S. If S is of type FPn(Q) then so is T. 

The proof of Theorem [B] relies on our earlier work concerning the 
finiteness properties of subgroups of direct products of limit groups [9] 
and the following new criterion for the finite present ability of subdirect 
products. 

Theorem E. Let S G Gi x ■ ■ ■ x Gn be a subgroup of a direct product 
of finitely presented groups. If for all i,j G {1, . . . ,n}, the projection 
Pij{S) G Gi X Gj has finite index, then S is finitely presented. 

An essential ingredient in the proof of this result is the following 
asymmetric version of the 1-2-3 Theorem of [2J. 

Theorem F (Asymmetric 1-2-3 Theorem). Let fi '■ Ti ^ Q and f2 : 

T2 —* Q be surjective group homomorphisms. Suppose that Fi and F2 
are finitely presented, that Q is of type F3, and that at least one of 
ker(/i) and ker(/2) is finitely generated. Then the fibre-product of fi 
and f2, 

P = {{g,h)\ f,{g) = f2{h)} GT,xT2, 
is finitely presented. 

In Theorem 13.41 and Theorem 12.21 we shall describe effective versions 
of Theorems E and F that yield an explicit finite presentation for S. 
In the final section we shall use these algorithmic versions to prove: 

Theorem G. The class of finitely presented, residually free groups is 
recursively enumerable. More explicitly, there exists a Turing machine 
that generates a list of finite group presentations so that each of the 
groups presented is residually free and every finitely presented residually 
free group is isomorphic to at least one of the groups presented. 
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In Section m we turn our attention to the construction of new families 
of finitely presented residually free groups. We construct the first ex- 
amples of finitely presented subgroups of direct products of free groups 
that are neither FPoo(Q) nor of Stallings-Bieri type, thus answering a 
question in [10]. Subdirect products of free and surface groups demand 
particular attention because, in addition to their historical interest, the 
work of Delzant and Gromov [16] shows that such subgroups play an 
important role in the problem of determining which finitely presented 
groups arise as the fundamental groups of compact Kahler manifolds. 

We use the standard notation 7„(G) to denote the n-th term of the 
lower central series of a group. 

Theorem H. // c and n are positive integers with n > c + 2, and 
D = Fi X ■ ■ ■ X Fn is a direct product of free groups of rank 2, then 
there exists a finitely presented subgroup S G D with S HFi = 7c+i(Fj) 
for i = 1, . . . ,n. 

Nilp3(S') was defined in Theorem A(2). 

Corollary I. For all positive integers c and n > c + 2, there exists a 
finitely presented residually free group S for which Nilp3(S') is a direct 
product of n copies of the 2- generator free nilpotent group of class c. 

The proof that the group S in Theorem [H] is finitely presented relies 
on our earlier structural results. Our proof of the equality S H Fi = 
7c+i(-Fj) exploits the Magnus embedding of the free group of rank 2 
into the group of units of Q[[a,/3]], the algebra of power series in two 
non-commuting variables with rational coefficients. 

Theorem [B] describes the finitely presented residually free groups. A 
description of a quite different nature is given in Theorem 15.51 using 
a template inspired by the examples in Section H] we prove that ev- 
ery finitely presented residually free group is commensurable with a 
particular type of subdirect product of limit groups. 

In Section [7] we apply Theorem Rl to elucidate the algorithmic struc- 
ture of finitely presented residually free groups. The restriction to 
finitely presented groups is essential, since decision problems for arbi- 
trary finitely generated residually free groups are hopelessly difficult. 
For example, there are finitely generated subgroups of a direct product 
of two free groups for which the conjugacy problem and membership 
problem are unsolvable; and the isomorphism problem is unsolvable 
amongst such groups [28]. 




The following statement includes the statement that the conjugacy 
problem is solvable in every finitely presented residually free group. 

Theorem J. Let S be a finitely presented residually free group. There 
exists an algorithm that, given an integer n and two n-tuples of words 
in the generators of S, say . . . , m„) and (t>i, . . . , t>„), will determine 
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whether or not there exists an element s & S such that sUiS ^ = Vi in 
S for i = 1, . . . , n. 

Theorem K. If S is a finitely presented residually free group and H C 
S is a finitely presented subgroup, then there is an algorithm that given 
an arbitrary word w in the generators of S can determine whether or 
not w defines an element of H . 

Since the completion of our work, ahernative approaches to the con- 
jugacy and membership problems have been developed in [12] and [H] . 
In the final section of this paper we make a few remarks about the iso- 
morphism problem for finitely presented residually free groups, taking 
account of the canonical embeddings S ^ 3Env(S'). 

This paper is organised as follows. Our first goal is to prove an 
effective version of the Asymmetric 1-2-3 Theorem; this is achieved 
in Section [21 In Section [H] we establish Theorem [El In Section [H we 
construct the groups described in Theorem[Hl In Sectionl^lwe establish 
the two characterisations of finitely presented residually free groups 
promised earlier: we prove Theorem [Bl and Theorem 15.51 Section [6] is 
devoted to the proof of Theorem [21 and other aspects of the canonical 
embedding 5* ^ 3Env(S'). Finally, in Section [3, we turn our attention 
to decidability and enumeration problems, proving Theorems \G\ [Jl and 

m 

We thank G. Baumslag, W. Dison, D. Kochloukova, A. Myasnikov, 
Z. Sela, H. Wilton and, most particularly, M. Vaughan-Lee for helpful 
comments and suggestions relating to this work. 

2. The Asymmetric 1-2-3 Theorem 

Our proofs of Theorems [El and [Bl rely crucially on the following 
asymmetric version of the 1-2-3 Theorem from [2]. The adaptation 
from [2] is straightforward and has been written out in complete detail 
by W. Dison in his doctoral thesis [T7]. We recall the main points of 
the proof here, largely because the reader will need them to hand in 
order to follow the proof of the effective version of the theorem that is 
proved in Subsection 12. II The basic Asymmetric 1-2-3 Theorem states 
that a certain type of fibre product is finitely presented, whereas the 
effective version provides an algorithm that, given natural input data, 
constructs a finite presentation for the fibre product. This enhanced 
version of the theorem will play a crucial role in our proof that the class 
of finitely presented residually free groups is recursively enumerable. 

We remind the reader that a group G is said to be of type F3 if it 
there is a K{G, 1) with finitely many cells in the 3-skeleton. 

Theorem 2.1 (= Theorem [H). Let fi -.Ti Q and f2 : T2 ^ Q be 

surjective group homomorphisms. Suppose that Fi and F2 are finitely 
presented, that Q is of type F3, and that at least one of ker(/i) and 
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ker(/2) is finitely generated. Then the fibre-product of fi and f^, 
is finitely presented. 

Proof. Without loss of generality, we may assume that := ker(/i) is 
finitely generated. 

As in [2| §1.4], we start with a finite presentation {X\R) for Q and 
from this construct a finite presentation 

Vi = {A,X\SM,X), S2{A,X), S^iA)) 

for Fi such that 

(1) A generates A^; 

(2) 5*1 consists of relators x'^ax~^Vx,a,e{A), one for each x E X, 
a E A and e = ±1, where Vx^a,e{^) is a word in the letters A^'^; 

(3) ^2 consists of relators r{X)Ur{A), one for each r E R, where 
Ur{A) is a word in the letters A"^^; 

(4) 5*3 is a finite set of words in the letters A^^. 

We do not assume that ker(/2) is finitely generated. Nevertheless, 
we can also choose a finite presentation for r2 of the form V2 = 
{B,X\T2{B,X), T3(5,X)), in which: 

(1) Scker(/2); 

(2) T2 consists of a word r{X) Wr{B*) for each r E R, where B* 
denotes the set of formal conjugates b"^^^^ of the letters by 
words in X^^ and Wr{B*) is a word in these conjugates; 

(3) T3 is a finite set of words in the symbols B*. 

Now since Q = {X\R) is of type F3, there is a finite set of ZQ- module 
generators a for the second homotopy group of this presentation, each 
of which can be expressed as an identity 

Following ^ §1.5] we translate a into a relation z„{A) among the gen- 
erators A of as follows: first replace each vj by the corresponding 
relator rj{X).Urj{A) from S2 above to get a word 

m 

then apply a sequence of relations (from Si above) of the form 

x'ax-' = V^^a,M)~^ 

to cancel all the x-letters from (a- to leave a word involving only 
letters from A^^. 

Let Z = Z{A) be the finite set of words Zcr{A) in the letters A^^ 
arising from our fixed finite set of 7r2-generators a. The crucial claim 
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is that the fibre product P of /i and /2 is isomorphic to the quotient 
of the free group F on AU B U X modulo the following finite set of 
defining relators. (Here we use functional notation for words: given 
a set of words in symbols Y^^ and a set of symbols y in 1-1 

correspondence with Y, we write for the set of words obtained 
from by replacing each y & Y with the corresponding symbol 

from y.) 

I) SM, X) u 53(A) U Z{A) U T3(5, X)- 
II) {r{X).Ur{A).Wr{B*) \ reR}] 

III) {[a, 6] \ aeA,beB}; 

IV) {[a,r{X)Ur{A)] \aeA,reR}. 

We must argue that this really is a presentation of P. We map F to 
P C Fi X r2 by a homomorphism 9 defined as follows: 

(1) e{a) = (a, 1) for a e A; 

(2) elb) = (1,6) for b e B; 

(3) 9{x) = (x, x) for X & X. 

Let G be the quotient of F by the given relations. Since 6 maps each 
of these relations to (1,1), it induces a homomorphism 6 from G to P. 
It is easy to see that 6 is surjective, so it only remains to prove that 
ker(^) = {1}. 

Suppose W{A,B,X) G F belongs to ker(6'). Killing the generators 
A in G gives a presentation for and the associated map G ^ r2 
factors through 9, so W{1, B,X) = 1 in G/ {{A)). It follows that having 
modified W by applying a finite sequence of the relations of G, we can 
assume that it is a finite product of conjugates of elements of A^^. 

Now the relators Si{A, X) and ([2]) combine to show that each element 
of A commutes in G with each element of B*. Thus if 
conjugate of a G A by a word in [B U X)^^, we may apply the relators 
to replace it by a'^^^'^\ a conjugate of a by a word in X^^. But then 
the relators 5*1 may be applied once more to replace a"^^'"^^ by a word 
in A^\ 

At this stage we have succeeded in using the given defining rela- 
tors of G to replace the initial word W{A, B, X) by a word lyo(A)- 
Now VFo(A) = 1 in A^, and [21 Theorem 1.2] tells us that the equality 
Wo(A) = 1 in is a consequence of the defining relators Si{A,X), 
53(A), Z{A) and (El). Thus Wo{A) = 1 in G. Hence ker(^) = 1 and ^ 
is an isomorphism from the finitely presented group G onto the fibre 
product of /i and /2, as required. □ 

2.1. An effective version of the Asymmetric 1-2-3 Theorem. 

Given a finite presentation Q = {X \ R) for a group Q, one can 
define the second homotopy group of 712 Q to be 712 of the standard 
2-complex K of the presentation, regarded as a module over ZQ via 
the identification Q = ttiK. But in the present context it is better 
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to regard elements of 7r2Q as equivalence classes of identity sequences 
[{wi,ri), . . . , {wm,rm)], where the Wi are elements of the free group 
F{X), the Tj G -R^\ and where Iliii ""^i"^^*^* is equal to the empty 
word in F{X)] equivalence is defined by Peiffer moves, and the action 
of Q is induced by the obvious conjugation action of F{X); see pJT] . 

Theorem 2.2. There exists a Turing machine that, given the following 
data describing group homomorphisms fi : Ti ^ Q {i = 1,2) will 
output a finite presentation of the fibre product of these maps provided 
that both the fi are surjective and at least one of the kernels ker(/j) is 
finitely generated. (If either of these conditions fails, the machine will 
not halt.) 
Input Data: 

(1) A finite presentation Q = {X \ R) for Q. 

(2) A finite presentation (a*^*-* | r*^*-*) for Fj (i = 1,2). 

(3) Va G Cj, a word a G F{X) such that a = fi{a) in Q. 

(4) A finite set of identity sequences that generate 7T2Q as a ZQ- 
module. 

Proof. The proof of Theorem 12.11 above describes a simple, explicit 
process for constructing a finite presentation of P from presentations 
Pi, P2 of a special form and identities a (in the notation of the proof of 
Theorem 12. ip . We shall now describe an effective process that, given 
the input data, will do the following in order: 

(i) verify that the fi are onto, then proceed to (ii) (but fail to halt 
if they are not onto); 

(ii) construct Vi if ker fi is finitely generated, output it, then pro- 
ceed to (iii); 

(iii) construct V2 and output it. 

If the process reaches stage (iii), it must eventually halt. 

Once we have this process in hand, we apply it simultaneously to 
the given input data and to the data with the indices 1, 2 permuted; 
one of these processes will halt if the fi are onto and one of the kernels 
is finitely generated. The output data is then translated into a presen- 
tation of P by writing the relations (I) to (IV) of the preceding proof. 
The Turing machine implementing this parallel process and subsequent 
translation is the one whose existence is asserted in the theorem. 

It remains to explain how steps (i) to (iii) are achieved. 

(i): Suppose X = {xi, . . . ,xi}. To verify that fi is onto, the process 
enumerates the words w in the free monoid on a^^^ in order of increasing 
length and, proceeding diagonally through this enumeration and that 
of all products II in the free group F{X) of conjugates of the relations 
R of Q, the process searches for an equality Xiw = II in F{X), where 
w is the word obtained from w by replacing each a G a*-*-* by a. Once 
such an equality is found, the process is repeated with X2 in place of 
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Xi. When an equality is found for X2, the process proceeds for X3 and 
so on until an equality has been found for each of Xi, . . . ,xi, at which 
point process (i) halts. 

(ii) : This stage of the programme implements a countable number of 
sub-programmes in a diagonal manner. The m'th involves a fixed set 
Am of cardinality m. The sub-programme itself implements a countable 
number of sub-programmes, drawing words \4,a,e and Ur from a length- 
increasing enumeration of the free monoid on X^^ and working with 
presentations V of the form given as Vi in the proof of Theorem 12.11 
(condition (1) concerning being ignored). Let T[V) be the group 
defined by V. The surjection F{X U A^) — > Q defined by 7r(x) = x for 
X E X and n{a) = 1 for a G A^ induces a surjection vr : r('P) — > Q. 

By enumerating all Tietze transformations, the sub-programme searches 
for an isomorphism g : Fi — T{V) such that vr o g = (see Remark 
12. 3p . When V is found, the process halts and outputs V. 

(iii) : This is identical to stage two except that one considers presen- 
tations with the form of V2 instead of those with the form of Pi. □ 

Remark 2.3. In the above proof we made use of an instance of the 
following very general observation: if one is given an arbitrary finite 
presentation P of a group F and one knows that F has a "special" pre- 
sentation drawn from some recursively enumerable class {Ci, C2, ■ ■ ■}, 
one can find a special presentation of F by proceeding as follows: enu- 
merate the finite presentations P„ obtained from V by finite sequences 
of Tietze moves and proceed searching the finite diagonals through the 
rectangular array (P„, Cm) looking for a coincidence. 

3. SUBDIRECT PRODUCTS 

Throughout this section we consider subdirect products of arbitrary 
finitely presentable groups. In later sections we restrict attention to 
the case where the direct factors are limit groups. 

Given a direct product D := Gi x ■ ■ ■ x Gn, we shall consistently 
write Pi and Pij for the projection homomorphisms Pi : D ^ Gi and 
Pij : D ^ GiX Gj (i, j = 1, . . . , n) 

Theorem 3.1 (= Theorem [E]). Let S C Gi x ■ ■ ■ x Gn be a sub- 
group of a direct product of finitely presented groups. If for all i,j G 
{1, . . . , n}, i 7^ j , the projection Pij{S) G Gi x Gj has finite index, then 
S is finitely presentable. 

We will deduce this theorem from the Asymmetric 1-2-3 Theorem 
by combining some well-known facts about virtually nilpotent groups 
with the following proposition, which generalises similar results in [TU] 
and [9]. 
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Proposition 3.2. Let Gi, . . . , Gn be groups and let S C Gi x ■ ■ ■ x Gn 
be a subgroup. If Pij{S) C Gj x Gj is of finite index for all i,j G 
y^j, then 

(1) there exist finite-index subgroups G'^ C G^ such that^n-i{Gj) C 
S. 

If, in addition, the groups Gi are all finitely generated, then 

(2) Li := S r\ Gi is finitely generated as a normal subgroup of S, 

(3) Ni := S* n ker(pj) is finitely generated, and 

(4) S is itself finitely generated. 

Proof. The conditions imply tliat Pi{S) is a finite index subgroup of Gi, 
and by passing to subgroups of finite index we may assume without loss 
that S is subdirect. 
Let 

n 

Gl = {geG,\^j^l3{g,*,...,*,l,*...)eNj} = f]{py{S)nG,) 

and define G^ similarly. As Pij{S) C Gi x Gj is of finite index, G° has 
finite index in Gi for i — 1, . . . ,n. 

For notational convenience wc focus on i = 1 and explain why 
7„_i(G'°) C S. The key point to observe is that for all xi, . . . , Xn-i G G\ 
the commutator ([xi, 0:2, ... , a^n-i], 1, ■ ■ • , 1) can be expressed as the 
commutator of elements from the subgroups Nj C -S"; explicitly it is 

[ {Xi, 1, *, . . . , *), {X2, *,!,*,...,*),..., (Xn-l, *,...,*,!)]. 

This proves the first assertion. 

For (2), note that since S is subdirect, ySflCj is normal in Gi and the 
normal closure in Gi of any set T C -S" n is the same as its normal 

closure in S. Since Gi is finitely generated, Gi/{S fl Gi) is a finitely 
generated virtually nilpotent group; hence it is finitely presented and 
S n Gi is the normal closure in Gi (hence S) of a finite subset. 

Towards proving (3), note that the image of A^i = 5" fl ker(pi) in Gi 
under the projection pi has finite index for 2 < i < n. since pu{S) has 
finite index in Gi x Gi and A^^i is the kernel of the restriction to S of 
Pi = Pi ° Pii- In particular Pi{Ni) is finitely generated. 

Note also that Li — S (iGi is the normal closure of a finite subset of 
p,im) by (2). 

Now let L := L2 X ■ ■ ■ X L„. Then Ni/L is a subgroup of the finitely 
generated virtually nilpotent group 

G2 X ■ ■ ■ X Gn ^ G2 ^ ^ Gn 
L L2 Ln^ 

and hence is also finitely generated (and virtually nilpotent). 

Putting all these facts together, we see that we can choose a finite 
subset X of A^i such that: 
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• Pi{X) generates Pi{Ni) for each i = 2, . . . ,n; 

• X n Li generates Li as a normal subgroup of Pi{Ni), for each 
i = 2,...,n; 

• {xL : X G X} generates Ni/L. 

These three properties ensure that X generates Ni, and the proof of 
(3) is complete. 

We can express S as an extension of Ni by Gi which are both finitely 
generated (using (3)), and (4) follows immediately. □ 

Remark 3.3. We shall use this lemma in tandem with the fact that 
finitely generated virtually nilpotent groups are F^o, i-e. have classi- 
fying spaces with finitely many cells in each dimension. Indeed this 
is true of virtually polycyclic groups P, because such a group has a 
torsion-free subgroup of finite index that is poly-Z, and hence is the 
fundamental group of a closed aspherical manifold. If B has type Fqo 
(e.g. a finite group) and A has type Foo (e.g. the fundamental group of 
an aspherical manifold), then any extension of A by i? is also of type 
Foo (see [IE] Theorem 7.1.10). 

3.1. Proof of Theorem [El The hypothesis on Pij{S) implies that the 
image of S in each factor Gi is of finite index. Replacing the Gi and S 
with subgroups of finite index does not alter their finiteness properties. 
Thus we may assume that is a subdirect product. Let Li = Gi H S 
and note that Li is normal in both 5* and Gi. Proposition 13.21 tells us 
that Qi := Gi/Li is virtually nilpotent; in particular it is of type F3 
(see remark [33]). 

Assuming that 5* is a subdirect product, we proceed by induction on 
n. The base case, n = 2, is trivial. 

Let q : Gi X ■ ■ ■ X Gn ^ Gi X ■ ■ ■ X Gn-i be the projection with 
kernel G„ and let T = q{S). By the inductive hypothesis, T is finitely 
presented. We may regard S* as a subdirect product of T x Equiv- 
alently, writing K = T n S and noting that 



K K X Ln Ln 

we see that S is the fibre-product associated to the short exact se- 
quences 1 ^ K ^ T ^ Qn ^ I and 1 ^ L„ ^ G„ ^ Q„ ^ 1. Thus, 
by the Asymmetric 1-2-3 Theorem, our induction is complete because 
according to Proposition 13.21 K is finitely generated. □ 

3.2. The effective version. We next prove an effective version of 
Theorem [Ej which will play a key part in proving that the class of 
finitely presentable residually free groups is recursively enumerable. 

Theorem 3.4. There exists a Turing machine that, given a finite col- 
lection Gi, . . . ,Gn of finitely presentable groups (each given by an ex- 
plicit finite presentation) and a finite subset Y G Gi x ■ ■ ■ x Gn (given 
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as a set of n-tuples of words in the generators of the Gi) such that 
each projection Pij(Y) generates a finite-index subgroup of Gi x Gj 
(1 < i < j < n), will output a finite presentation for S := (Y) . 

Proof. With the effective Asymmetric 1-2-3 Theorem (Theorem \2.2\\ 
in hand, we follow the proof of Theorem [El As in Theorem [E] we 
first replace each Gi by the finite-index subgroup Pi{S) to get to a 
situation where 5* is subdirect. Here we use the Todd-Coxeter and 
Reidemeister-Schreier processes to replace the given presentations of 
the Gi by presentations of the appropriate finite-index subgroups. By 
using Tietze transformations we may take Pi{Y) to be the generators 
of this presentation. Thus we express the revised Gi as quotients of the 
free group on Y. 

We argue by induction on n. The initial cases n = 1,2 are easily han- 
dled by the Todd-Coxeter and Reidemeister-Schreier processes, since 
then S has finite index in the direct product. So we may assume that 
n > 3. 

By Theorem 12.21 it is sufficient to find finite presentations for 

(1) T = q{S), where q is the natural projection from Gi x ■ ■ ■ x Gn 
to Gi X ■ ■ ■ X Gn-l, 

(2) Gn, and 

(3) Q = Gn/{GnnS), 

together with 

(4) explicit epimorphisms T ^ Q and Gn ^ Q, and 

(5) a finite set of generators for Ti2 of the presentation for Q, as a 
ZQ-module. 

A finite presentation for G„ is part of the input. 

We may assume inductively that we have found a finite presen- 
tation for T, with generators q{Y). We write this presentation as 
{Y\r,{Y),...,rm{Y)). 

To obtain a finite presentation for Q, we proceed as follows. The 
words rj{pn{Y)) normally generate Gn H S. Adding these words as 
relations to the existing presentation of G„ gives a finite presentation 
of Q, together with the natural quotient map Gn Q- 

The epimorphism T — > Q is induced by the identity map on Y . 

We would now be done if we could compute a finite set of 7^2- 
generators for our chosen finite presentation V of the virtually nilpotent 
group Q. But it is more convenient to proceed in a slightly different 
manner, modifying V. 

First, we search among finite-index normal subgroups Q' of Q for an 
isomorphism Q' P, for some group P given by a poly-Z presenta- 
tion V . The latter presentation defines an explicit construction for a 
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finite K{P, l)-complex X, and in particular a finite set of generators of 
7r2(X(^^) (tfie attacliing maps of tlie 3-celIs). 

We next replace our initial presentation V for Q by a new presenta- 
tion Q that contains V as a sub-presentation. Indeed, we know that 
such presentations exist, so we can find one, together with an explicit 
isomorphism that extends the given isomorphism P — Q', by a naive 
search procedure (see Remark [2.31) . 

Let Y denote the 2-dimensional complex model of the presentation 
Q, Y the regular cover of Y corresponding to the normal subgroup 
P = Q', and Z the preimage of X^"^^ C Y inY. Then Z consists of one 
copy of X^"^^ at each vertex of Y; these are indexed by the elements of 
the finite quotient group H = Q/Q'. 

We then have an exact homotopy sequence 

>ZQ ®j^Q. 7r2(X(2)) ^ 7r2(F) ^ 7r2(F, Z) ^ 

(since the map P Q is injective by hypothesis), together with a finite 
set B of generators for 'K2{X^'^^) as a ZQ'-module. But 7r2(F, Z) = 
H2iY/Z), since the quotient complex Y/Z is simply connected. Hence 
T^2(X) = '^2{y) is generated as a ZQ-module by B together with any 
finite set C that maps onto a generating set for the finitely generated 
abelian group H2{Y/Z). Such a set C can be found by a naive search 
over finite sets of identity sequences over Q. □ 



4. Novel Examples 

^From [9] (or [10] in the case of surface groups) we know that a 
finitely presented full subdirect product S* of n limit groups Fj must 
virtually contain the term jn-i of the lower central series of the product. 
So the quotient groups Ti/(S fl F,) are virtually nilpotent of class at 
most n — 2. In particular for n = 3 the quotients Fj/(S' fl Fj) are 
virtually abelian. 

A question left unresolved in [TU] is whether a finitely presented sub- 
direct product S' of n free groups $j can have ^i/{S fl $j) nilpotent 
strictly of class 2 or more (necessarily n > 4 for this to happen). The- 
orem 14.21 below settles this question and shows that the bounds on the 
nilpotency class given in p] and [10] are optimal. 

4.1. The groups S{E,c). Let F = {a,b) be the free group of rank 2, 
and let $ = denote the unrestricted direct product of a countably 
infinite collection of copies of F, thought of as the set of functions 
f : Z ^ F endowed with pointwise multiplication. 

Let F = {w,x,y,z) be a free group of rank 4, and define a homo- 
morphism : F ^ $ by (j){w){n) = a, 0(x)(n) = b, (f){y){n) = a", 
(j){z){n) = 6" for all n G Z. 
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Given a finite subset E C Z, we may regard the direct product of 
\E\ copies of F as the set of functions E ^ F. We then obtain a 
projection pe : ^ ^ F^ by restriction: PeU) = /U : E ^ F. 

Notice that when E = {n} is a singleton pe o (f) is surjective. It will 
be convenient to write for F^'^\ pn for the projection p^n} '■ $ 
and Gn, bn for the copy of a, b respectively in The surjectivity of 
Pn° (f^ means that, for any finite subset E G Z, the image of p^; o is 
a finitely generated subdirect product of the free groups $„ {n & E). 

This subdirect product is not in general finitely presented. 

Now let c be a positive integer. We may choose a finite set R = 
R{a, b) of normal generators for the c'th term 7c(-F) of the lower central 
series of F. We then define S{E, c) to be the subgroup of F^ that is 
generated by {pEO(f))(T) together with the sets -R(a„, 6„) C for each 
n e E. 

As a concrete example we note that S{{1, 2, 3, 4}, 3) is the subgroup 
of $1 X $2 X ^3 X '^'4 generated by the following 12 elements: the four 
images of the generators of F 

(01,02,03,04) , (&1,&2,&3,&4) 

(oi,02,o|,o^) , {bi,bl,bl,bl) 
together with the eight elements 
([[oi,6i],oi], 1, 1, 1) , ([[oi,6i],6i], 1, 1, 1) , (1, [[02,621,02], 1, 1) , ... 

... , (1, 1, 1, [[04,64], 04]) , (1, 1, 1, [[04,64], 64]) 
which are normal generators for the subgroups 73 for 1 < i < 4. 

Proposition 4.1. The groups S{E,c) have the following properties. 

(1) S{E,c) contains -^c{F^). 

(2) S{E, c) is finitely presentable. 

(3) If E' = E + t = {e + t; e G E} is a translate of E in Z, then 

S{-E,c) = S{E,c) ^ S{E',c). 

(4) If E C E' , then the projection F^' F^ induces an epimor- 
phism S{E',c) S{E,c). 

Proof. 

Since -R(o„, 6„) C S{E, c) fl by construction, and since Pn° (f> 
is surjective for all n E E, it follows that S{E, c) D 'Jci^n) for each 
n e E, and hence S{E, c) D idF^)- 

Clearly S{E, c) is finitely generated. For any 2-element subset 
T = {m, n} of E, the image of the projection of S{E, c) to F'^ = 
X is precisely S(T,c). Since S(T,c) contains the elements 

PT{(f){w)) = (0„,0„), Pt{(P{x)) = {bm,bn), PT{(l){yW-"')) = (1,0;^-"^) 

and pt{4'{zx~'^)) = (1,6J^~™), together with 7c($m x we see that 
the quotient of each of the direct factors $m — -P" — $n by its intersec- 
tion with S(T, c) is a nilpotent group of class at most c, generated by 
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two elements of finite order, and hence is finite. Thus S{T, c) has finite 
index in F^. In other words, the projection of the subdirect product 
S{E, c) < to each product of two factors F'^ has finite index. Hence 
by Theorem [El S{E,c) is finitely presentable. 

(El) It is clear that S{—E, c) = S{E, c) via the isomorphism F^ —> 
F~^ defined by a„ t-^ a_„, bn ^ b-n- 

To show that S{E, c) = S{E', c), it is clearly enough to consider the 
case t = 1. The isomorphism 6 : F^ F^ defined by ^ ctn+i? 
bn ^ bn+i is induced by the shift automorphism 6 : ^ ^ ^ defined by 
0{f){k) := f{k — 1), in the sense that pe' o 6 = 6 op^. 

Similarly, 6 commutes with the automorphism 6' of F defined by 
w ^ w, X ^ X, y ^ yw~^, z \—>- zx~^, in the sense that 6 o (j) = (f) o 0. 
It follows immediately from the definitions that 6 maps S{E, c) onto 



We can now state and prove the main result of this section. We thank 
Mike Vaughan-Lee for several helpful suggestions concerning this proof. 

Theorem 4.2 (= Theorem [Hi) . For any positive integer c, and any 
finite subset E C Z of cardinality at least c + 1, the group S{E, c) is a 
finitely presentable subdirect product of the non-abelian free groups $„ 
(n e E) and S{E, c) fl = 7c($n) for each n e E. 

Proof. By construction, S{E, c) is a subdirect product of the $„ for n G 
E, and by Proposition 14.11 (|2l) it is finitely presentable. By Proposition 
O (HD we have 



for each tt, G so it only remains to prove the reverse inclusion. 

Let A = Q[[a, (3]] be the algebra of power series in two non-commuting 
variables a,/3 with rational coefficients, and for each n let r^^ : $„ — 
U{A) be the Magnus embedding of into the group of units U{A) 
of A, defined by rjn{an) = 1 + a, rjnibn) = 1 + 13. By Magnus' The- 
orem [25] (or [26l Chapter 5]), rj~^{l + .J^) = 7c($n)- Here J is the 
ideal generated by the elements with constant term and is its c-th 
power. 

Now define 77 : F ^ U{Q[t] A) by r]{w) = 1 + a, r]{x) = 1 + f3, 
rj{y) = (1 + a)*, 77(2;) = (1 + /?)*, where for example (1 + a)* means the 
power series 




□ 



^(E, c) n D 7,(<l'„) 




Note that rjn o (pn = ipn o rj, where ipn '■ Q[t] (X>q A ^ A is defined by 
fit) ® a f{n)a and where (pn = Pn° 0- 
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Note also that, for any g G F, rj^g) has the form 

where fl is the free monoid on {a,/?} and pw{t) ^ QM has degree at 
most equal to the length of W. Hence, for each n G Z, we have 

Suppose now that C Z is a finite set of integers of cardinality at 
least c+ 1, and that g eT such that PE{(p{g)) G S{E, c) fl for some 
n E E. Then, for each m E E \ {n}, we have 

It follows that, in the expression ri{g) = J^wenPwit) " W{a,P) for 
r){g), the c elements of \ {n} are roots of all the polynomials piy(t). 
In particular, for words W of length less than c, the polynomials pw are 
identically zero. Hence ipmivig)) E 1 + J'^ for all m G Z, in particular 
for m = n. Hence (pnig) e r]-^{l + J") = jd^n)- 

Thus 

5(E,c)n<I>„C7c($n), 

completing the proof that 

5(E,c)n$„ = 7c($n). 

□ 



4.2. Sample calculations. We use the explicit form of the map t] 
from the proof of Theorem 14.21 to make some calculations that illumi- 
nate the preceding proof. 

Remark 4.3. Suppose that U,V E T and a E , {3 E are such 
that r]{U) = l + a mod J'=+\ rfiV) = l + (5 mod J^+^ Then r]{UV) - 
T^{VU) =a(3- (3a mod J'^+^+i, while t]{U'^V-^) = 1 mod J^, so 

r]{[U, V^]) - 1 = 7]{U-^V-^){r]{UV) - viVU)) = af3 - (3a mod 7^=+^+^ . 

Example 4.4. For each integer k, we calculate that 

ri{zx-'') = l + {t-k)P mod J^. 

Also 

r]{Y) = l+ ta mod J^. 
Repeatedly applying Remark [4. 3^ we see that 

r]{[y, zx-\ . . . , zx-"']) = l+t{t-l) ■ ■ ■ {t-m)Vm{a, (3) mod 7'"+^^ 
where 
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is a non-trivial Z-linear combination of homogeneous monomials of 
degree m + 1. 

Notice that the coefficient of /?) is a polynomial of degree m + 

1 in t with roots 0,1, ... ,m. In particular this gives an example of 
an element in ^dO, . . . , m + 1}, m + 2) fl 7m+i('^'m+i) which is not in 

7m+2("^'m+l)- 

Example 4.5. As another application of Remark 14.31 we see induc- 
tively that, for any basic commutator C of weight c in the generators 

of r, 

v{C)eZ[t][[a,(3]] + r+\ 

and hence 

rjMr))cz[t][[a,p]] + r+\ 

On the other hand, if we put U = [w, z][x,y] G 72(r), then 
r]{U) = 1 + (a/?2 ^ ^ ^ ^2p _ 2c,pa _ 2/?a/?) mod J\ 

Thus (j){U) is an element of 73(S'(i?,c)) for any E,c. On the other 
hand, since (*) ^ Z[t], 7]{U) ^ r/(73(r)), so for sufficiently large E,c 
the element G ^3{S{E,c)) does not belong to 0(73(r)). 

5. Characterizations 

In this section we discuss the structure of finitely presentable residu- 
ally free groups, and prove some results concerning their classification. 

5.1. Subdirect products and homological finiteness properties. 

We remind the reader of the shorthand we introduced in order to state 
Theorem B concisely: an embedding S* ^ Fq x ■ ■ ■ x r„ of a residually 
free group S* as a full subdirect product of limit groups is said to be 
neat if To is abelian, SflFo is of finite index in Tq, and Fj is non-abelian 
for i = 1, . . . , n. 

Theorem 5.1 (=Theorem[B|. Let S be a finitely generated residually 
free group. Then the following conditions are equivalent: 

(1) 5* is finitely presentable; 

(2) S IS of type FF2iQ); 

(3) dimH2{So; Q) < oo for all subgroups Sq C S of finite index; 

(4) there exists a neat embedding 5 ^ Fq x • • ■ x F„ such that the 
image of S under the projection to Fj x F^ has finite index for 
1 < i < j < n; 

(5) for every neat embedding S Tq x ■ ■ ■ x F„, the image of S 
under the projection to FjXFj has finite index for I < i < j < n. 

Proof. The implications (1) implies (2) implies (3) are clear. Theorem 
[El shows that (4) implies (1). 

In order to establish the remaining implications, we first argue that 
every finitely generated residually free group has a neat embedding. 
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The embedding theorem from [3] tells us that S embeds into the direct 
product of a finite collection of limit groups. Since finitely generated 
subgroups of limit groups are limit groups, we may assume that S 
is a subdirect product of finitely many limit groups. Moreover, by 
projecting away from any factor with which S has trivial intersection, 
we may assume that 5* is a full subdirect product of limit groups, say 
5* < To X ■ ■ ■ X r„. Moreover, if two or more of the factors Fj are 
abelian, we may regard their direct product as a single direct factor, 
so we may assume that Fq is abelian (possibly trivial), and that Fj is 
non- abelian for i > 0. Finally, the intersection S* fl Fq has finite index 
in some direct summand of Fq: by projecting away from a complement 
of such a direct summand, we may assume that 5* fl Fq has finite index 
in Fq. Thus we obtain a neat embedding of 5*. With this existence 
result in hand, it is clear that (5) implies (4). To complete the proof 
we shall argue that (3) implies (5). 

Since the given embedding is neat, the image of the projection of 
S* to Fo X Fj has finite index for any i > 0, and the quotient S" of 
by Z{S) = S* n Fq is a full subdirect product of the non-abehan limit 
groups Fi, . . . , F„. Moreover, since fl Fq is finitely generated, (3) 
implies that H2{So;Q) is finite dimensional for all subgroups Sq < S 
of finite index in S. It then follows from Theorem 4.2 of [H] that the 
image of the projection of to Fj x Fj has finite index for any i,j with 
< i < j < n. Thus (3) implies (5). □ 

It follows easily from Theorem 15.11 that any subdirect product of 
limit groups that contains a finitely presentable full subdirect product 
is again finitely presentable. More generally we prove: 

Theorem 5.2 (= Theorem D). Let n > 2 be an integer, let S G D := 
Fi X ■ ■ ■ X Ffc be a full subdirect product of limit groups, and letTcD 
be a subgroup that contains S. If S is of type FPn(Q) then so is T. 

Proof. We have S<T<D = riX---xrk where the Fj are limit 
groups and S" is a full subdirect product of type FP„(Q) with n >2. 

In particular, S is of type FP2(Q), so by P Theorem 4.2] the quotient 
group S/L is virtually nilpotent, where L = (SflFi) x ■■■ x (SflFfc). 

By [HI Corollary 8.2] there is a finite index subgroup 5*0 < S, and a 
subnormal chain Sq < Si < ■ ■ ■ < = T such that each quotient Sj+i/Sj 
is either finite or infinite cyclic. 

Since S is of type FP„(Q), so is 5*0, and by the obvious induction so 
are 5*1, . . . , = T. □ 

Note that the condition n > 2 in Theorem 15.21 is essential. For 
example, if G = {x,y\ri,r2, . . .) is a 2-generator group that is not 
finitely presentable, then the subgroup T of {x, y) x (x, y) generated by 
{(x, x), {y, y), (1, ri), (1, r2), . . . } is a full subdirect product that is not 
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finitely generated, while the finitely generated subgroup S of T gener- 
ated by {(x, x), {y, y), (1, ri)} is also a full subdirect product (provided 
ri 7^ 1 in {x,y)). This is another example of the notable divergence in 
behaviour between finitely presentable residually free groups and more 
general finitely generated residually free groups. 

5.2. The three factor case. Thereom [B] tells us which full subdirect 
products of non-abelian limit groups are finitely presentable. In the 
case of two factors, the criterion is particularly simple: the subgroup 
must have finite index in the direct product. Our next result, which 
extends Theorem E of [lO], shows that the criterion also takes a par- 
ticularly simple form in the case of a full subdirect product of three 
non-abelian limit groups. Our results in Section H] show that the situ- 
ation is noticeably more subtle for subdirect products of four or more 
factors. 

Theorem 5.3. Let ri,r2,r3 be non-abelian limit groups, and let S < 
Fi X r2 X T3 be a full subdirect product. Then S is finitely presentable 
if and only if there are subgroups Aj < Fj of finite index, an abelian 
group Q, and epimorphisms (pi : Ai ^ Q , such that 

5 n (Ai X A2 X A3) = ker(0), 

where 

: Ai X A2 X A3 ^ Q, (f){Xi, A2, A3) := M>^i) + M>'2) + M>'3)- 

Proof. The criterion in the statement is clearly sufficient, by Theorem 
\E\ since each 0, is an epimorphism. For example, given Ai G Ai and 
A2 G A2, there exists A3 G A3 such that 03(A3) = — 0i(Ai) — 02(^2)- 
Thus (Ai, A2, A3) G ker(0) so the projection pi2 : Fi x F2 x F3 — > Fi x F2 
maps ker(0) onto the finite-index subgroup Ai x A2 of Fi x F2. Similar 
arguments apply to the projections pis and P23, so the finite- index 
subgroup ker((/)) of S is finitely presentable, by Theorem [El and hence 
S is also finitely presentable. 

Conversely, suppose that S is finitely presentable. By [SI Theorem 
4.2] the image of each of the projections pij : S ^ Ti x Tj (1 < 
i < j < 3) has finite index. The images of pu and pi^ intersect in a 
finite index subgroup Ki < Fi. For each a & Ki there are elements 
(a, 1, Xa), (a, i/a, 1) G 5*. So given a,b E Ki, we have ([a, 6], 1,1) = 
[{a,l,Xa),{b,yb,l)] G [S,S]. Thus [K,,K,] < ([5,5]nFi). Similarly 
there are finite-index subgroups K2 < F2 and < F3 such that 
[Ki, Ki] < {[S, S] n Fj) for i = 2,3. Let A denote the abelian group 

Ki X K2 X K3 
^ Sn{KixK2X K3) ' 

let (f) : Ki X K2 X K^ Abe the canonical epimorphism, and let (pi be 
the restriction of to Ki for i = 1, 2, 3. Since ^23(5') has finite index in 
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12 X Fa, the same is true of ^23(5' fl {Ki x K2 x K3)) in K2 x K3. Now 
let a = (x, y, z) ■ {S H {Ki x K2 x K^)) G A. For some positive integer 
N we have {y^,z^) G P23(5 n {Ki x K2 x K^)), so {w,y^,z^) G S 
for some w G -ft'i. But then = (j)i{x^w~^), so has finite 

index in A. Similarly, 02(-K^2) and 03(7^^3) have finite index in A. Let 
Q be the finite-index subgroup (f)i{Ki) fl (f>2{K2) fl {/)3(_ft'3) of A, and 
define Aj = (f)~^{Q) for i = 1,2,3. Then Aj has finite index in Fj, 
S n (Ai X A2 X A3) is the kernel of the restriction : Ai x A2 x A3 ^ Q, 
and each (pi : Ai ^ Q is an epimorphism. □ 



5.3. Classification up to commensurability. We construct a col- 
lection of examples of finitely presentable residually free groups which 
is complete up to commensurability. 

Definition 5.4. Let Q = {Fi, . . . , F„} be a finite collection of 2 or more 
limit groups, let c > 2 be an integer, and let g = {{gk,i, ■ ■ ■ , gk,n), 1 < 
k < m} be a finite subset of F := Fi x ■ ■ ■ x F„. 

Define T = T{Q, g, c) to be the subgroup of F generated by g together 
with the c'th term 7c(F) of the lower central series of F. 

Theorem 5.5. Let T{Q,g,c) be defined as above. 

(1) //, for all 1 < i < j < n, the images in ifiF, x HiTj of the 
ordered pairs {gk,i,gk,j) generate a subgroup of finite index, then 
the residually free group T{Q, g, c) is finitely presentable. 

(2) Every finitely presentable residually free group is either a limit 
group or else is commensurable with one of the groups T{Q, g, c). 

Proof. To see that T = T{Q, g, c) is finitely presentable, it is sufficient 
in the light of Theorem [E] to note that the projection of T to Fj x F^ 
is virtually surjective for each i < j. This in turn follows from the 
observation that a subgroup of a finitely generated nilpotent group 
has finite index whenever its image in HiN has finite index. 

Conversely, suppose that S" is a finitely presentable residually free 
group. If S is not itself a limit group, then Theorem [Bl tells us that S 
may be expressed as a full subdirect product of limit groups Ai, . . . , A„ 
such that the projection of S" to Aj x A^ is virtually surjective for each 
i < j. By Theorem 4.2 of [5], each Aj contains a finite-index subgroup 
Fj such that 7n-i(Fj) C S. Set Q = {Fi, . . . , F„}, and c = n — 1. We 
choose any finite set {(fi-i,!, . . . , gi,n), • • • , {gm,i, • • • , gm,n)} in the direct 
product D := Fi x ■ ■ ■ x F„ whose image in D/7„_i(Z)) generates 
{S n D) ■ jn-iiD) / jn-iiD) . Finally, take g to be the collection of 
coordinates gk,i, and note that T = T{Q, g,n — 1) = S (1 D is a finite- 
index subgroup of S". □ 
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6. The Canonical Embedding Theorem 

The purpose of this section is to prove Theorem 1X1 we shall describe 
an effective construction for 3Env(5'), hence 3Envo(S'), then establish 
the universal property of the latter. We shall see that the direct factors 
of 3Env(S') are the maximal limit group quotients of S: the maximal 
free abelian quotient Hi{S, Z) / (torsion) is one of these, and the remain- 
ing (non-abelian) quotients form 3Envo(S'). At the end of the section 
we shall discuss how 3Env(S') is related to the Makanin-Razborov di- 
agram for S. 

Our first goal is to prove Theorem 1X1(1). 

Theorem 6.1. There is an algorithm that, given a finite presentation 
of a residually free group S will construct an embedding 

S ^ 3Env(S) = Tab X 3Envo(5) 

where Fab = i/i(5', Z)/(torsion) and 3Envo(S') = Fi x ■ ■ ■ x r„ with 
each Fj {i > 1) a non-abelian limit group. The intersection of S with 
the kernel of the projection p : 3Env(S') 3Envo(5') is the centre Z{S) 
ofS. 

In outline, our proof of this theorem proceeds as follows. First we 
define a finite set of data — a maximal centralizer system — that 
encodes a canonical system of subgroups in S. Then, in Lemma 16.71 
we prove that every finitely presented residually free group possesses 
such a system; the proof, which is not effective, relies on Proposition 
13.21 and results from pj. In Lemma 16.91 we establish the existence 
of a simple algorithm that, given a maximal centralizer system, will 
construct S ^ 3Env(S'). Finally, in Subsection 16.31 we describe an 
algorithm that, given a finite presentation of a residually free group, 
will construct a maximal centralizer system for that group (termination 
of the algorithm is guaranteed by Lemma 16. 7p . 

The description of Z{S) given in Theorem 16.11 is covered by the 
following lemma. 

Lemma 6.2. Let S be a residually free group and let Z{S) be its centre. 

(1) The restriction of S ^ i^i (5*, Z)/ (torsion) to Z{S) is injective. 

(2) IfT is a non-abelian limit group and : S —>■ T has non-abelian 
image, then iIj{Z{S)) = {1}. 

Proof. Let 7 G Z{S). Since S is residually free, there is an epimorphism 
ip from 5 to a free group such that ipi^j) 7^ 1. But the only free group 
with a non-trivial centre is Z, so ■?/' ( [S, S] ) = 1 and hence 7 ^ [S", S"]. 
This observation, together with the fact that residually free groups are 
torsion-free, proves (1). 

Item (2) follows easily from the fact that limit groups are commutative- 
transitive. □ 
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6.1. Centralizer systems. Before pursuing the strategy of proof out- 
lined above, we present an auxiliary result that motivates the definition 
of a maximal centralizer system. Recall that a set of subgroups of a 
group H is said to be characteristic if any automorphism of H permutes 
the subgroups in the set. 

Proposition 6.3. Let D = Fi x ■ ■ ■ x r„ he a direct product of non- 
abelian limit groups, let S G D be a full subdirect product, let Li = SnTi 
and let 

M, = s n {Ti X ■ ■ ■ X r,_i X 1 X r^+i x ■ ■ ■ x r„). 

The sets of subgroups {Li, . . . , L„} and {Mi, . . . , M„} are characteris- 
tic in S . 

Proof. If r is a non-abelian limit group, and if 71 and 72 are two non- 
commuting elements of F, then the centralizer Cr(7i,72) of the pair is 
trivial, by commutative-transitivity. 

The collection of centralizers of non-commuting pairs of elements 
of S has a finite set of maximal elements, namely the centralizers of 
pairs Xi and yi which are non-commuting pairs in Li. These maximal 
elements are exactly the Mi, which therefore form a characteristic set. 
Moreover the Lj are the centralizers of the Mj and hence the set of 
these is also characteristic (cf. [H]). □ 

Remark 6.4. Applying the proposition with S = D one sees that if 
D = Fi X ■ ■ ■ X r„ is the direct product of non-abelian limit groups, 
then the set of subgroups Fj is characteristic. In particular, the decom- 
position of D as a direct product of limit groups is unique. 

The example D = Z x F2 shows that this uniqueness fails if abelian 
factors are allowed. 

Definition 6.5. Let 5 be a finitely presented, non-abelian residually 
free group. A finite hst (Yi; Zi) = (Yi, . . . , F„; Zi, . . . , Zn) of finite sub- 
sets of S will be called a maximal centralizer structure (MCS) for S if 
it has the following properties. 

MCS(l) Each Yi contains at least two elements Xi and yi which do not 
commute. 

MCS(2) Each Z^ contains all of the Yj with j 7^ i. 

MCS(3) For each i, the elements of Zi commute with the elements of 
Yi. (Hence the elements in Yi commute with those in Yj for all 

MCS (4) Each Zi generates a normal subgroup of S. 

MCS(5) For each i, the quotient group S/{Zi) admits a splitting (as an 
amalgamated free product or HNN extension) either over the 
trivial subgroup or over a non-normal, infinite cyclic subgroup. 

MCS (6) There is a subgroup 5*0 of finite index in S such that each Yi C 
5*0 and Sq/ {{Yi, . . . ,Yn)) is nilpotent of class at most n — 2. 
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For the case n = 1 we require that (Zi) = Z{S) and that Yi be the 
given generating set for S. 

Remark 6.6. One of the basic properties of non-abehan hmit groups 
is that that they spht as in MCS(5). Conversely, we shall see in Lemma 
16.91 that, in the presence of the other conditions, MCS(5) implies the 
following condition: 

MCS(5') For each i, the quotient S/ (Zi) is a non-abelian limit group. 

Lemma 6.7. Every finitely presented non-abelian residually free group 
possesses a maximal centralizer structure. 

Proof. Let 5 be a finitely presented non-abelian residually free group, 
and define H = S/Z{S). We shall first construct an MCS for H. 

As in the proof of Theorem B, H can be embedded as a full subdirect 
product in some D = Ti x ■ ■ ■ x Tn where the Fj are non-abelian limit 
groups. Let pi : D ^ Ti denote the projection. 

If n = 1, then H itself is a non-abelian limit group. In this case, 
we follow the directions in the definition of MCS: Yi is the given set 
of generators for H, Zi = {!}, and Hq = H. Then MCS(l-4) and 
MCS(6) are trivially satisfied, as is MCS(5)', hence MCS(5). 

/^From now on we assume that n > 1. Then Fj/ {H fl Fj) is virtually 
nilpotent by [H], so (if flFj) is finitely generated as a normal subgroup 
of Fj. Choose a finite set Yi of normal generators for H (iTi containing 
at least two elements that do not commute. 

Let Mi denote the centralizer of Yi in H (this is consistent with the 
notation in Proposition 16.31) . Note that Mj = H (1 ker(pj), which by 
Proposition 13.2( 3) is a finitely generated subgroup of H. Note that 
Fj = H/Mi. Choose Zi to be a finite generating set for Mj containing 
Yj for all j ^ i- 

This provides an MCS {Yi] Zi) for H: each of the properties MCS(1- 
4) is explicit in the construction, as are MCS (5)' and MCS (6). 

It remains to construct an MCS for S from the one just constructed 
for H = S/Z{S). We know from Lemma 16.21 that Z[S) is a finitely 
generated free abelian group. To obtain an MCS (Fj; Zi) for S, we lift 
each Yi G H to a finite subset Ij of S, and take a finite subset Zi in 
the preimage of each Zi containing (i) Yj for all j ^ i, and (ii) a finite 
generating set for Z{S). 

To see that (Fj; Zi) satisfies MCS(l), note that Z{S) n [S,S] = 1. 
Modulo this observation, it is clear that (1^; Zi) inherits the properties 
MCS(l-6) from (Fj;Zj). □ 

6.2. Two useful lemmata. The following are the two principal lem- 
mata used in the proof of Theorem lAl We first prove a technical lemma 
about splittings which allows us to detect when a given quotient of S 
is a non-abelian limit group rather than a direct product. 
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Lemma 6.8. Let T be a torsion-free group, H a group, and G TxH 
a subdirect product such that GnT contains a free group of rank 2. Let 
N be a normal subgroup of G with N < K = G (1 H . If G/N admits 
a cyclic splitting, and N ^ K , then KjN is cyclic and the splitting is 
over K/N . 

Proof. The quotient G/N "-^ F x H /N is a subdirect product. 

The cychc sphtting gives a. G/N action on a tree T which is edge- 
transitive and has cychc edge-stabihsers. A free subgroup F = {x, y) 
of G n r either fixes a vertex v or contains an element w acting hy- 
perbohcaUy (with axis A, say). In the first case v is unique (since F 
cannot fix an edge), so v is i^/iV-invariant since K/N commutes with 
F . But K/N is normal so K/N also fixes g{v) for all g & G. Pick g 
with g{v) 7^ v, then K/N fixes more than one vertex, and hence fixes 
an edge. 

In the second case, the axis A is if/A^-invariant since K/N commutes 
with w. If the action of K/N on A is non-trivial, then A is the (unique) 
minimal i^/A^-invariant subtree of T. But then T is F-invariant since 
F commutes with K/N. Thus F acts non-trivially on A with cyclic 
edge-stabilisers, which is impossible. Hence K/N fixes an edge. 

In both cases, K/N fixes an edge, hence fixes all edges since K/N is 
normal and the action is edge-transitive. Thus K/N is a cyclic group 
acting trivially on T. The induced action of T = G/K has finite cyclic 
edge stabilisers of the form Stable)/ K. But F is torsion-free so these 
are all trivial. □ 

As above, we write Gab = Hi{G, Z)/ (torsion). 

Lemma 6.9. Suppose S is a finitely presented residually free group 
and that (Fi, . . . , F„; Zi, . . . , Z„) is an MCS for S . Then: 

(0) each of the groups Si/ {Zi) is a non-abelian limit group; 

(1) the natural homomorphism S —>■ S/{Zi) x ■■■ x S/{Zn) has 
kernel Z{S) and so embeds S/Z{S) as a full subdirect product 
of n non-abelian limit groups; 

(2) the natural homomorphism S — > Fab x S/ {Zi) x ■ ■ ■ x S/ (Zn) is 
an embedding, where Fab = -^1(5*, Z)/ (torsion). 

Definition 6.10. To obtain the reduced existential envelope of S we fix 
an MCS {Yi, . . . , Zi, . . . , Z„) and define 3Envo(5) := S/{Zi) x ■ • • x 
S/ {Zn). The existential envelopeof S is then defined to be 3Env(S') = 
Fab X 3Envo(S'), where Fab = -ffi (5", Z) /(torsion). 

Remark 6.11. The above definition makes sense in the light of Lem- 
mas 16.91 and Lemma 16.71 In the proof of Lemma 16.71 we chose the Zi so 
that Mi = (Zi), in the notation of Proposition [631 ^ind we shall see in a 
moment that this equality is forced by the definition of an MCS alone. 
The canonical nature of the Mj makes envelopes more canonical than 
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they appear in the definition — Theorem A (4-5) makes this assertion 
precise. 

Proof. Suppose that (Yi, . . . , 1^; Zi, . . . , Zn) is an MCS for the finitely 
presented residually free group S. Then by MCS(3) we know {Zi) C 
Cs{Yi). Now there E Yi such that [xi,yi\ 7^5 1. Moreover 

[^i^Ui] ^ CsiXi) because S is residually free. Hence the images of Xi 
and Ui in S/ (Zi) form a non-commuting pair. Writing S* as a subdirect 
product of some collection Fi, . . . , r„ of limit groups, the projections of 
Xi and Hi into one of the factors Tj, say, do not commute. Now we see 
that S" is a subdirect product of F x if, where F = Tj is a non-abelian 
limit group, H is a subdirect product of the Fj {i 7^ j), and Zi C H 
(by commutative transitivity in F). 

Now put N = {Zi)<S (by MCS(4)), and note that N C K := SnH. 
It follows from MCS (5) that S/N admits a splitting either over the 
trivial subgroup or a non-normal, infinite cyclic subgroup. Then by 
Lemma if K ^ N, then the splitting is over K/N - a contradiction 
since K/N is normal in S/N. 

Hence (Zi) = N = K = Sr\H, so S/ (Zi) = F is a non-abelian limit 
group, which proves (0). 

Since limit groups are fully residually free, the centralizer of any 
non-commuting pair of elements in S/ (Zi) is trivial. Thus (Zi) is 
maximal among the centralizers of non-commuting pairs of elements 
of 5* (cf. Proposition 16. 3p . In particular (Zj) = CsiYi) and {{Yj)) C 
Cs{{Zi)). Clearly each (Zi) D Z{S). 

Suppose now that 1 7^ u G (Zi) fl ■ ■ ■ fl but u ^ Z{S). Then 
there is some other element v with [u, v] ^ 1. Since S is residually free, 
u and V freely generate a free subgroup of rank 2. Thus u and v~^uv 
freely generate a free subgroup of (Zi) fl ■ • • fl which centrahzes 
each {(Xi)). So their images in S/ {(Yii • • • ? Yn)) freely generate a free 
subgroup which contradicts MCS(6). Thus {Zi) fl ■ ■ ■ fl = Z{S). 
This proves (1). 

The existence of the embedding in (2) follows immediately from (1), 
in the light of Lemma 16.21 □ 

6.3. Proofs of Theorem [A]( 1 ) and (2). We are given a finite presen- 
tation [A I R) for a residually free group S. In order to prove Theorem 
I6.lt we must describe an algorithm that will construct an MCS for S 
from this presentation: we know by Lemma 16.71 that 5* has an MCS 
and we know from Lemma 16.91 (and Definition I6.10p how to embed 5" 
in its envelopes once an MCS is constructed. 

We shall repeatedly use the fact that one can use the given pre- 
sentation of S to solve the word problem explicitly: one enumerates 
homomorphisms from S to the free group of rank 2 by choosing puta- 
tive images for the generators a G A, checking that each of the relations 
r G -R is mapped to a word that freely reduces to the empty word; if 
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a word w in the letters A^^ is non-trivial is S, one will be able to see 
this in one of the free quotients enumerated, since S is residually free. 
(Implementing a naive search that verifies if w does equal the identity 
is a triviality in any recursively presented group.) 

Using this solution to the word problem, we can recursively enumer- 
ate all finite collections A = (Yi, . . . , Yn, Zi, . . . , Zn) of finite subsets of 
S satisfying conditions MCS(l), MCS(2) and MCS(3). Next we enu- 
merate all equations in S and look for those of the form a~^za —s w{Zi) 
where z ^ Zi and a"^^ is a generator of S (and w any word on Zi). If a 
given A satisfies MCS(4), we will eventually discover this by checking 
the list of equations. (As ever with such processes, one runs through the 
finite diagonals of an array, checking all equations against all choices of 
A.) Thus we obtain an enumeration of those A satisfying MCS(l-4). 

Next, we must describe a process that, given 

A = {Yi, . . . , Yn, Zi, . . . , Zn), 

can determine if it satisfies MCS(5), i.e. if each of the groups S/{Zi) 
has a splitting of the required form. Again we only need a process that 
will terminate if A does indeed satisfy MCS(5) — we are content for 
it not to terminate if MCS(5) is not satisfied. 

We have a finite presentation {A \ R,Zi) for S/{Zi). By applying 
Tietze moves (or searching naively for inverse pairs of isomorphisms) 
we can enumerate finite presentations of S/ (Zi) that have one of the 
following two forms 

{Ai,A2 I Ri, R2,uiU2), {Ai,t I Ri, tuit^^v), 

where Ai, A2 and {t} are disjoint sets, Ri U {ui} is a set of words 
in the letters Af^, and v is a, word in the letters Af'^ . These are 
the standard forms of presentation for groups that split over (possibly 
trivial or finite) cyclic groups. When we find such a presentation, we 
can use the solution to the word problem in S to determine if at least 
one of the generators from Ai and (for the first form) one from A2 are 
non-trivial in S. We proceed to the next stage of the argument only if 
non-trivial elements are found. In the next stage, we use the solution 
to the word problem to check if tii = ^2 = 1 in 5* (or ui = v = 1). If 
these equahties hold, we have found the desired sphtting over the trivial 
group. If not, then we have a splitting over a non-trivial cyclic group, 
and since S is torsion- free, this cyclic group C = (ui) must be infinite. 
In a residually free group, each 2- generator subgroup is free of rank 1 
or 2 (consider the image of [x,y] in a free group). Thus C is normal 
if and only if it is central, and this can be determined by applying the 
solution of the word problem to all commutators [u, a] with a G A1UA2 
(resp. a G Ai). In the case of amalgamated free products, we require 
that there is a generator in each of Ai and A2 that does not commute 
with C, in order that the sphtting be non-degenerate. This concludes 
the description of the process that will correctly determine if a given 
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A = (Yi, . . . , Yn] Zi, . . . , Zn) satisfies MCS(5), halting if it does (but 
not necessarily halting if it does not). 

Finally, we use coset enumeration to get presentations {A' \ R!) of 
subgroups of finite index Sq d S with Fj C 5*0, and we enumerate 
equations in the quotients {A' \ R',Yi, . . . , Yn) to see if the generators 
satisfy the defining relations of the free nilpotent group of class n — 2 
on \A'\ generators (and we need only look for a positive answer). As an 
MCS for S exists (Lemma 16.71) this process will eventually terminate, 
yielding an explicit A satisfying MCS(l-6). 

Part (2) of Theorem A follows immediately from part 1 in the light 
of Proposition 13.21 □ 



6.4. Proof of Theorem A (3) [the universal property of 3Envo(S')] 
We first record the following general result which is also used implicitly 
in our discussion of how 3Env(S') is related to the Makanin-Razborov 
diagram of S. 

Proposition 6.12. Let G be a suhdirect product of a finite collection 
of groups: G < Gi x ■ ■ ■ x Gn- Then any homomorphism from S onto 
a non-ahelian limit group V factors through one of the projection maps 
Pi'. G ^ Gi (i = 1, . . . ,n). 

Proof. An easy induction reduces us to the case where n = 2. 

Define Li := G (1 Gi for i = 1,2. Then Li is normal in G for each 
i. Suppose that P is a non-abelian limit group and : G — P is an 
epimorphism. Then (f){Li) and 0(i^2) are mutually commuting normal 
subgroups of 0(G) = P. If (say) (f){Li) is non-trivial in P, then com- 
mutative transitivity in P implies that 0(i^2) is abelian. But P has no 
non-trivial abelian normal subgroups, so 0(-Z^2) is trivial. 

Hence one or both of 0(Li) {i = 1,2) is trivial. But if (f){Li) is 
trivial, then factors through p2, while if 0(i^2) is trivial, then factors 
through pi . □ 

To prove Theorem A (3), let S* be a finitely presented, non-abelian, 
residually free group with MCS (Yi, . . . , Y^, Zi, . . . , Zn). We have S ^ 
3Envo(5') = 5*/ (Zi) x ■ ■ ■ x S/ (Zn), and we are given a homomorphism 
(j) : S ^ D = Ai X ■ ■ ■ X Am with the Aj non-abelian limit groups 
and 0(5) subdirect. We must prove that extends uniquely to a 
homomorphism : 3Envo(S') — >■ D. 

For k = 1, . . . , m let 0^ denote the composition of with the pro- 
jection D Afc. Since A^ is a non-abelian limit group. Proposition 
16.121 says that the surjective map 0^ : S" — A^ factors through the 
projection S S/{Zi) for some i. In particular, (j^kiXj) = 1 for each 
j 7^ i, since Yj C Zi. However, we must have (pkiXi) 7^ {1} by MCS(6) 
(else A is virtually nilpotent). Thus i = i{k) is uniquely determined by 
k. 
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Applying the above in turn to each 0^ yields a unique i{k) such that 
(pk factors through a map Cfc '■ S/{Zi(^k)) A^.. Putting all these maps 
together produces the required : 3Envo(5') ^ Ai x ■ ■ • x A^,. □ 

6.5. Proof of Theorem A(4) [the uniqueness of 3Envo(S')]. We 
are assuming that (p : S D = AiX ■ ■ ■ x Am is a full subdirect product 
of non-abelian limit groups, and we must prove that : 3Envo(S') — D 
is an isomorphism. 

As in the proof of Lemma 16.71 we can construct an MCS for S from 
the embedding (j) : S ^ D, say (F/, . . . , Y^, Z[, . . . , Z'^). Here, Yi <Z S 
generates 0(5*) fl Aj as a normal subgroup, Z^ generates the centralizer 
of Y- in S, and induces an isomorphism 0^ : 5*/ —>■ Aj for i = 
l,...,m. 

By using {Y-; Z'^) in place of (Yi, Zi) in Definition 16.101 we obtain an 
alternative model 3Envo(5)' = S/{Z[) x ■ ^- x S/{Z'J for 3Envo(5), 
and we have an isomorphism $ = (0^^, . . . , 0^) : 3Envo(S')' — >• D that 
restricts to on the canonical image of S in 3Envo(S')'. 

In proving Theorem A (3) we established the universal property for 
3Envo(5')'. We apply this to obtain a unique homomorphism a : 
3Envo(S')' — > 3Envo(S') extending the inclusion S ^ 3Envo(S'). Thus 
we obtain a homomorphism a o : D 3Envo(5') such that 
a o <|>^^ o is the identity on S. But this means that a o o : 
3Envo(5') 3Envo(S') extends id : S S. The identity map of 
3Envo(5') is also such an extension, so by the uniqueness assertion in 
A(3) we have that a o is a left-inverse to 0. By reversing the roles 
of 3Envo(5') and 3Envo(S') we see that it is also a right-inverse. □ 

6.6. Makanin-Razborov Diagrams. We explain how existential en- 
velopes are related to Makanin-Razborov diagrams. 

The Makanin-Razborov diagram (or MR diagram) of a finitely gen- 
erated group G is a method of encoding the collection of all epimor- 
phisms from G to free groups. The name arises from the fact that 
these diagrams originate from the fundamental work of Makanin [27] 
and later Razborov [29] on the solution sets of systems of equations in 
free groups. 

The MR diagram of G consists of a finite rooted tree, where the root 
is labelled by G and the other vertices are labelled by limit groups, 
with the leaves being labelled by free groups. The edges are labelled 
by proper epimorphisms - the epimorphism labeling e = [u, v) mapping 
the group labeling u onto the group labeling v. 

The basic property of this diagram is that each epimorphism from 
G onto a free group can be described using a directed path in this 
graph from the root to some leaf, the epimorphism in question being 
a composite of all the labeling epimorphisms of edges on this path, 
interspersed with suitable choices of 'modular' automorphisms of the 



30 



BRIDSON, HOWIE, MILLER, AND SHORT 



intermediate limit groups that label the vertices. Details can be found 
in [Sni Section 7] and, in different language, [231 Section 8]. 

An immediate observation is that any epimorphism from G onto 
a free group factors through the canonical quotient G/FR(G'), where 
FR(G) is the free residual of G, namely the intersection of the kernels 
of all epimorphisms from G to free groups. Thus the MR diagrams of 
G and of G'/FR(G') are identical. 

Observe that FR(G/FR(G)) = 1; in other words G/FR(G) is resid- 
ually free. Thus, when studying MR diagrams for finitely generated 
groups, it is sufficient to restrict attention to the case of residually free 
groups. 

For finitely generated residually free G, the top layer of the Makanin- 
Razborov diagram consists of the set of maximal limit-group quotients 
of G. These are the factors of our existential envelope 3Env(G), namely 
the maximal free abelian quotient rab(G) and the non-abelian quo- 
tients ri,...,r„. The fact that one can construct this effectively is 
contained in [231 Corollary 3.3], but our construction of the embedding 
G ^ 3Env(G) is of a quite different nature, and we feel that there is 
considerable benefit in its explicit description. It is also worth pointing 
out that neither the construction of our algorithm nor the proof that 
it terminates relies on the original results of Makanin and Razborov. 

7. Decision problems 

Theorem |X] provides considerable effective control over the finitely 
presented residually free groups. In this section we use this effectiveness 
to solve the multiple conjugacy problem for these groups and the mem- 
bership problem for their finitely presented subgroups. Both of these 
problems are unsolvable in the finitely generated case, indeed there ex- 
ist finitely generated subgroups of a direct product of two free groups 
for which the conjugacy and membership problems are unsolvable |28] . 

7.1. The conjugacy problem. Instead of considering the conjugacy 
problem for individual elements, we consider the multiple conjugacy 
problem, since the proof that this is solvable is no harder. The multiple 
conjugacy problem for a finitely generated group G asks if there is an 
algorithm that, given an integer I and two Z-tuples of elements of G 
(as words in the generators), say x = {xi, . . . ,xi) and y = {yi, . . . ,yi), 
can determine if there exists g E G such that gxig~^ = yi in G, for 
i = 1, . . . , /. There exist groups in which the conjugacy problem is 
solvable but the multiple conjugacy problem is not [6]. 

The scheme of our solution to the conjugacy problem uses an argu- 
ment from [To] that is based on Theorem 3.1 of [1]. This is phrased in 
terms of bicombable groups. Recall that a group G with finite gener- 
ating set A is said to be bicombable if there is a constant K and choice 
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of words {cr{g) \ g G G} in the letters A^^ such that 

d{a.a{a~^ga')t, cr{g)t) < K 

for all a, a' G v4 and g E G, where Wt denotes the image in G of the 
prefix of length t in w, and d is the word metric associated to A. 

We shall only use three facts about bicombable groups. First, the 
fundamental groups of compact non-positively curved spaces are the 
prototypical bicombable groups, and limit groups are such fundamen- 
tal groups [l]. Secondly, there is an algorithm that given any finite 
set X C r as words in the generators of G will calculate a finite gen- 
erating set for the centralizer of X. (This is proved in [1] using an 
argument from [I9].) Finally, we need the fact that the multiple con- 
jugacy problem is solvable in bicombable groups. The proof of this is 
a mild variation on the standard proof that bicombable groups have a 
solvable conjugacy problem. The key point to observe is that, given 
words u and v in the generators, if g E G is such that g~^ug = v, 
then as t varies, the distance from 1 to a{g)~[^ua{g)t never exceeds 
A'maxllul, |f |}. It follows that in order to check if two 
and (vi, . . . , f fc) are conjugate in G, one need only check if they are 
conjugated by an element g with d{l^g) < |2A|-'^™^'''fl"^l' l*'"'^ (cf. Algo- 
rithm 1.11 on p. 466 of [5J). 

Proposition 7.1. Let T he a bicombable group, let H G T be a sub- 
group, and suppose that there exists a subgroup L d H normal in T 
such that T/L is nilpotent. Then H has a solvable multiple conjugacy 
problem. 

Proof. Given a positive integer / and two /-tuples x, y from H (as lists 
of words in the generators of F) we use the positive solution to the 
multiple conjugacy problem in F to determine if there exists 7 G F 
such that 7X47"^ = ?/j for i = 1, . . . , L If no such 7 exists, we stop and 
declare that x and y are not conjugate in if. If 7 does exist then we 
find it and consider 

= {g eV \ gxig'^ = ?/i for i = 1, . . . , /}, 

where C is the centralizer of x in F. Note that x_ is conjugate to y in 
H if and only if 7C fl if is non-empty. 

We noted above that there is an algorithm that computes a finite gen- 
erating set for G . This enables us to employ Lo's algorithm (Lemma 
I7.3p in the nilpotent group T / L to determine if the image of 7C inter- 
sects the image of if. Since L G H, this intersection is non-trivial (and 
hence x is conjugate to y) if and only if 7C fl ii is non-empty. □ 

A group G is said to have unique roots if for all x,y G G and n ^ 
one has x = y <^=^ x" = y"'. It is easy to see that residually free 
groups have this property. As in Lemma 5.3 of [L0\ we have: 
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Lemma 7.2. Suppose G is a group in which roots are unique and 
H G G is a subgroup of finite index. If the multiple conjugacy problem 
for H is solvable, then the multiple conjugacy problem for G is solvable. 

The final lemma that we need can be proved by a straightforward 
induction on the nilpotency class, but there is a more elegant argument 
due to Lo (Algorithm 6.1 of [21]) that provides an algorithm which is 
practical for computer implementation. 

Lemma 7.3. If Q is a finitely generated nilpotent group, then there is 
an algorithm that, given finite sets S,T G Q and q G Q, will decide if 
q{S) intersects (T) non-trivially . □ 

Theorem 7.4 (=Theorem[J]). The multiple conjugacy problem is solv- 
able in every finitely presented residually free group. 

Proof. Let F be a finitely presented residually free group. Theorem 1X1 
allows us to embed F as a subdirect product in D = Li x ■ ■ ■ x L„, where 
Li are limit groups, each Lj = Lj fl F is non-trivial, L = Li x ■ ■ ■ x Ln 
is normal in D, and D/L is virtually nilpotent. Let iV be a nilpotent 
subgroup of finite index in D/L, let Dq be its inverse image in D and 
let Fo = I^o n F. 

We are now in the situation of Proposition 17.11 with T = Dq and 
H = Fq. Thus Fq has a solvable multiple conjugacy problem. Lemma 
I7.2l applies to residually free groups, so the multiple conjugacy problem 
for F is also solvable. □ 

7.2. The membership problem. In the course of proving our next 
theorem we will need the following technical observation. 

Lemma 7.5. If L is a limit group, then there is an algorithm that, given 
a finite set X G L, will output a finite presentation for the subgroup 
generated by X . 

Proof. Let H be the subgroup generated by X. The lemma is a simple 
consequence of Wilton's theorem [32] that L has a subgroup of finite 
index that retracts onto H (using the argument of Lemma 5.5 in [TO]). 

□ 

Theorem 7.6 (= Theorem iKl). If G is a finitely presented residually 
free group (given by a finite presentation) and H G G is a finitely pre- 
sentable subgroup (given by a finite generating set of words in the gener- 
ators ofG), then the membership problem for H is decidable, i.e. there 
is an algorithm which, given g G G (as a word in the generators ) will 
determine whether or not g G H . 

Note that, although we assume that H is finitely presentable, we do 
not assume knowledge of a finite presentation for H. Moreover, our 
algorithm is not uniform in H. That is, the algorithm depends on H 
(but not on g G G). Indeed, the proof below describes more than one 
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algorithm: for any given H one of these algorithms works, but we do 
not claim to be able to tell which. See the remark following this proof 
for further discussion of this problem. 

Proof. Theorem |X] provides a direct product D of limit groups that 
contains G, and a solution to the membership problem for H G D 
provides a solution for H (Z G. Thus there is no loss of generality in 
assuming that G is a direct product of limit groups, say G = Li x 
• ■ ■ X L„. To complete the proof, we argue by induction on n. The case 
n = 1 is covered by the fact that limit groups are subgroup separable 

m- 

Let us assume, then, that there is a solution to the membership 
problem for each finitely presented subgroup of a direct product of 
n — 1 or fewer limit groups. We have H G G = Li x ■ ■ ■ x L„. Define 
Li = Hnu. 

There is no loss of generality in assuming that elements g G G are 
given as words in the generators of the factors, and thus we write 
g = {gi, . . . , gn). We assume that the generators of H are given likewise. 

We first deal with the case where some Lj is trivial, say Li. The 
projection of if to L2 x ■ ■ ■ x L„ is then isomorphic to H, so in particular 
it is finitely presented and our induction provides an algorithm that 
determines if {g2, ■ ■ ■ ,gn) lies in this projection. If it does not, then 
g ^ H. If it does, then naively enumerating equalities g~^w = 1 we 
eventually find a word w in the generators of H so that g~^w projects 
to 1 G L2 X ■ ■ ■ X Ln- Since Li = H HLi = {1}, we deduce that in this 
case g G H a and only if g~^w = 1, and the validity of this equality 
can be checked because the word problem is solvable in G. 

It remains to consider the case where H intersects each factor non- 
trivially. Again we are given g = {gi, . . . , gn)- The projection Hi of H 
to Lj is finitely generated and Wilton's theorem [32j tells us that Lj is 
subgroup separable, so we can determine algorithmically if gi G Hi. If 
gi ^ Hi for some i then g ^ H and we stop. Otherwise, we replace G 
by the direct product D of the Hi. Lemma 17751 allows us to compute a 
finite presentation for Hi and hence D. 

We are now reduced to the case where if is a full subdirect product 
of G{= D). Theorem [AT 2) now tells us that Q = G/L is virtually 
nilpotent, where L = Li x ■ ■ ■ x L„. Let (p : G ^ Q he the quotient 
map. 

Virtually nilpotent groups are subgroup separable, so if (j){g) ^ (p{H) 
then there is a finite quotient of Q (and hence G) that separates g from 
H. But (j){g) ^ 0(ii) g ^ H because L = ker is contained in H. 
Thus an enumeration of the finite quotients of G provides an effective 
procedure for proving that g ^ H ii this is the case. (Note that we need 
a finite presentation of G in order to make this enumeration procedure 
effective; hence our appeal to Lemma 17751 ) 
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We now have a procedure that will terminate in a proof if g ^ H. 
Once again, we run this procedure in parallel with a simple-minded 
enumeration of g~^w that will terminate with a proof that g & H ii 
this is true. □ 

Remark 7.7. Since we discovered the above proof, Bridson and Wilton 
[12] have proved that in the profinite topology of any finitely gener- 
ated residually free group, all finitely presentable subgroups are closed. 
This gives a uniform solution to the membership problem for such sub- 
groups. Using the results of [I2] and [9], Chagas and Zalesski [Tl] 
proved that all finitely presented residually free groups are conjugacy 
separable. 

7.3. Recursive enumerablility. In view of the insights we have gained 
into the structure of finitely presentable residually free groups, it seems 
reasonable to conjecture that the isomorphism problem for this class 
of groups is solvable. We have not yet succeeded in constructing an 
algorithm to determine isomorphism, but we are nevertheless able to 
prove the following partial result in this direction. 

Theorem 7.8 (= Theorem iGj) . The class of finitely presentable resid- 
ually free groups is recursively enumerable. More precisely, there is a 
Turing machine which will output a list of finite group presentations 
Vi,V2, ■ ■ ■ such that: 

(1) the group Gi presented by each Vi is residually free; and 

(2) every finitely presented residually free group is isomorphic to at 
least one of the groups Gi. 

Proof. First we enumerate the limit groups, using the algorithm in [20] . 
This leads in a standard way to an enumeration of finite subsets Y of 
finite direct products thereof: y C -D := Fi x ■ ■ ■ x F„. 

For each such Y and each pair i,j, the Todd-Coxeter procedure will 
tell us if Pij{Y) generates a finite-index subgroup of Fj x F^ (but will 
not terminate if it does not). 

Whenever we encounter a finite collection of limit groups Fi, . . . , F„ 
and a finite subset Y G D such that Pij{Y) generates a finite- index 
subgroup of Fj x F^ for all i,j, we set about constructing a finite pre- 
sentation for the subgroup generated by Y, using Theorem 13. 4[ 

Thus a list can be constructed of all finitely-presented full subdirect 
products of limit groups, together with a finite presentation for each 
one. By Theorem [Bl this list contains (at least one isomorphic copy of) 
every finitely presentable residually free group. □ 

The facts we have proved or mentioned in this paper provide recur- 
sive enumerations of various other classes of groups: 

(1) There is a recursive enumeration of the finitely generated resid- 
ually free groups S = sgp{X): each is given by a finite set X 
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that generates a full subdirect product in a finite direct product 
of limit groups Fi x ■ ■ • x r„. 

(2) One can extract from (1) a recursive enumeration of the finitely 
generated residually free groups with trivial centre (those for 
which each Fj is non-abelian), and a complementary enumera- 
tion of those with non-trivial centre. 

(3) The subsequence of ([I]) consisting of those S that are finitely 
presentable is recursively enumerable (cf. Theorem 17.81) . 

(4) The subsequences of ([3]) consisting of those finitely presented 
residually free groups with trivial (resp. non-trivial) centre are 
recursively enumerable, as are the corresponding subsequences 
of the enumeration in Theorem 17.81 

7.4. Partial results on the isomorphism problem. Suppose we 
are given two finite presentations of residually free groups G and H. 
Can we decide algorithmically whether or not G = HI 

There is a partial algorithm that will search for a mutually inverse 
pair of isomorphisms, expressed in terms of the given finite generating 
sets for G and H. This will terminate if and only if G = H, giving us 
the desired isomorphism in the process. 

The difficult part of the problem is therefore to recognise, via invari- 
ants or otherwise, when G ^ H . 

Our earlier results have provided computations of an important in- 
variant, namely the set of maximal limit group quotients of G. Using 
the solution to the isomorphism problem for limit groups ( [THl [T^ ) , we 
can distinguish G from H unless these agree for G and H. The problem 
is thus effectively reduced to the case where G and H are specifically 
given to us as full subdirect products of limit groups Fi, . . . , F„. 

Moreover, Z[G) = Z{H) = Z, say, and the Fj are all non-abelian 
if Z is trivial. In the case where Z is non-trivial, then precisely one 
of the Fj is abelian. We make the convention that in this case Fi is 
abelian. Then Fi = i7i(G', Z) /(torsion) = /7i(/7, Z)/ (torsion), and 
Z{G) = G n Fi, Z{H) = H nTi. Under these circumstances, as a 
special case of Theorem A(4) we have: 

Proposition 7.9. Any isomorphism 6 : G ^ H is the restriction of 
an ambient automorphism of the direct product Fi x ■ ■ ■ x F„. This in 
turn restricts to a set of isomorphisms Fj — > Fo-(i) {i = 1, . . . ,n) for 
some permutation a of {1, ... ,n}. 

Since there are only finitely many candidate permutations a, this 
proposition effectively reduces the isomorphism problem to the case 
where a is the identity, in other words to the following: 

Question: Given finitely presented full subdirect products G,H of a. 
collection of limit groups Fi, . . . , F„ (at most one of which is abelian). 
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can we find automorphisms 6i of Fj for each i, such that 

{9^,...,9r,){G) = H? 

Recall that the automorphism groups of limit groups can be effec- 
tively described [13]. In particular, we can find finite generating sets 
Xi for each Aut{ri). 

Proposition 7.10. There is a solution to the isomorphism problem in 
the case when at most 2 of the Fj are non-abelian. 

Proof. Suppose first that no Fj is abelian (so that n < 2). If n = 1 
then G = Ti = H and there is nothing to prove, so we may suppose 
that n = 2. By Theorem [Ej since G, H are finitely presented they 
have finite index in F = Fi x F2. The index can be computed in each 
case using the Todd-Coxeter algorithm, and we may assume that the 
two indices are equal (to k, say). Now by [i3\ we can find a finite set 
X = Xi X X2 of generators for 6 = Aut{Ti) x Aut{T2). 

It is straightforward to construct the permutation graph for the ac- 
tion of O on the finite set of index k subgroups, and then to check 
whether or not G, H lie in the same component of this graph. This 
happens if and only if G is isomorphic to H via an automorphism 
of Fi X F2 that preserves the direct factors. By Proposition I7.9[ this 
suffices to solve the problem. 

If Fi is abelian, then G and H need not have finite index, so we 
have to amend the argument slightly. We may assume that Fi is the 
only abelian direct summand. Moreover, Fi is a torsion free abelian 
quotient of G and of H, while G n Fi = Z{G) and HnTi = Z{H). By 
Section [631 we can effectively determine Z{G) and Z{H) as subgroups 
of Fi. By the classification of finitely generated abelian groups, we can 
decide whether or not there is an automorphism of Fi that maps Z{G) 
to Z{H). If not, then G ^ H and we are finished. Otherwise, we are 
reduced to the case where GflFi = ifflFi. 

Now there is a unique direct summand A of Fi such that Fi fl G 
has finite index in A. Choosing an arbitrary direct complement B for 
A in Fl gives us embeddings of G and H as finite index subgroups of 
{Ti/B) X F2 = v4 X F2 or of y4 X F2 X F3, and we may complete the 
argument as before. □ 

One possible approach to the more general case is to proceed by 
induction on the number of direct factors. Projecting a finitely pre- 
sentable subdirect product to the product of fewer factors again gives 
a finitely presentable group, so by induction we can assume that the 
corresponding projections of our two subgroups are isomorphic. But 
for the moment we do not see how this information might be used to 
complete a proof that the isomorphism problem is solvable. 
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